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ABSTRACT 

This paper is concerned with several types of small correction terms which 
must be taken into account when computing the torque or the mutual inductance 
between two concentric single-layer helices. These are to be added to the formula 
previously developed for two current sheets. The seven types of corrections are 
those which may be foreseen from experience with other absolute electrical 
measurements. MSJhy others will arise which cannot be anticipated at this time. 
The corrections (arto (g) are given in section I. 
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I. INTRODUCTION 

The mutual inductance, M, from which the torque is derived by 
differentiation with respect to the angle, 0, between their axis, consists 
principally of that between two equivalent current sheets. A formula 
for the latter is derived in Bureau Research Paper RP24, eq 32. i In 
applying it to the case of actual single-layer coils, formula 35, a factor 
cos a 2 was written in front of the series, which should have been 1/cos 
a 2 . With this correction, the formula may be put in the following 
form, where Ni and N 2 are the total number of turns, k and l 2 the 
lengths, &i and a 2 the radii, r x and r 2 the semidiagonals, and u\ and 
/x 2 are cos at, cos a 2) where a x and a 2 are the angles between the diag- 
onals of the coils and their respective axes and m=cos 0. 

M,u2(lu a u h^2\ u)=4:ir~Ta 2 2 N 2 'Ui. 

•{m-(|^ ! )2^ (i) 

1 Chester Snow, Mutual inductance and torque between two concentric solenoids, BS J. Research 1, 685 
(1928) RP24. 
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where 

-2(-l)» r V 7l+ 2/ K / 1 , 3 3 A 

and 

P n (p) is Legendre's polynomial and P^(m) is — jf^' The subscript 

1 refers to the outer current sheet, s u and subscript 2 to the inner 
sheet, 8 2 . 

The small corrections to be found are: 

(a) That which replaces the current sheet by a system of parallel, 
equally spaced turns of wire (instead of the tape windings with no 




Figure 1. — Section containing the intersecting axes of two circular filaments A' x C'iB[ 

and A2C2B2. 

radial thickness or insulating space between them which constitute a 
current sheet). 

(b) The effect of the nature of the current distribution over the 
sections of the wire. Two cases are considered: Uniform distributicn 
and the "natural" one which is inversely proportional to the distance 
from the axis of the solenoid. 

(c) The effect of small variations, u ai (xi) [and u a2 (x 2 )], in the radii 
of the turns, which are observed functions of the distance, x t (and 
x 2 ), respectively, of the turn from the origin at the center of the coils. 
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(d) The effect of small variations in pitch, that is, of the small 
observed axial displacement, u x (xi) 9 (and u x {x 2 )) of the turn from 
the position corresponding to uniform spacing. 

(e) The effect of errors in centering the coils. 

(f) That due to the fact that the coils are helical and not a system 
of parallel turns of wire. This is the effect of the axial component 
of current. 

(g) The contribution of lead-in wires. 

II. MUTUAL INDUCTANCE BETWEEN TWO CIRCULAR 
FILAMENTS, t x AND / 2 , WHOSE AXES INTERSECT AT 
AN ANGLE, 

A section by a plane containing the intersecting axes is shown in 
figure 1. The trace of /i is A[C[B[ of j 2 is A 2 C' 2 B' 2 . Let 

0A[ =r[; OC[=Xi=^r[ cos a[) G[A[=ai=r[ sin a[ 

0A2=r' 2 ; OC 2 =x 2 =r 2 cos a 2 ; C 2 A 2 =a 2 =r' 2 sin a 2 ) (2) 

/xl^cos a'i] ijl 2 = cos a 2 ii = cos 6. 

If filament/i is any section of the larger current sheet, s u and filament 
j 2 of the inner sheet, s 2 , which lies entirely within Si for any value of 
0, then r 2 <^r[. In this case the following series 2 has been shown to 
converge and to represent the mutual inductance, M /l/2 , of the two 
filaments when the angles a[, <x 2 , and each lie in the range from 
zero to 7T, inclusive. 

Mf lf2 {x u ctij x 2 , a 2 ; m) 



=47r 2 S 

71 = 1 L 



ra-M^)P^onr + i p.p.) 

L — w — JL ( 2) ( M2 )PnW J^+i) (3) 

It is readily found that the functions 17= (1 — /i 2 )r~ n P„(/x) and V=r n+1 
(1— yF)P' n (p) are solutions of the partial differential equation 

(a 2 +^V)f=o 

that is, 

(Dl+Dl~lD a y=0. 

Hence, M flf2 satisfies the equation 

(B 3 n +I% 1 -±D tt ^M, lfa =0 (4a) 

in the variables x x and a x , and the similar equation 

(^l 2 +Dl-\p a ^M flf2 =() (4b) 

in the variables x 2 and a 2 , which are placed here for later reference. 

2 Chester Snow, Mutual inductance of any two circles, BS J. Research 1, 531 (1928) RP18. (See eq 23, p. 539.) 
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III. MUTUAL INDUCTANCE BETWEEN A SHEET AND A 

FILAMENT 

The mutual inductance of the two current sheets, M smi given in 
eq 1 was found by multiplying M hh by -ydx x - -ydx<i and integrating x x 

from — Zi/2 to l x j2 and x 2 from — Z 2 /2 to l 2 /2. 

For the purpose of finding the corrections mentioned above, it is 
necessary to write down the results of each of these two integrations. 
The integration with respect to x x gives the mutual inductance between 
sheet s x and filament/ 2 , which may be called M nf2 Q X} a x ;x 2f a 2 \ n), where 

JVi C m 
M n t$u <*>u *2, a%\ m)=t" dx x M flH (x h a x \ x 2 , a 2 ; m)> 

or since by eq 2 

n-l 



"■.>^g,iHr".r w ]'j;«-^ p -'* 

Now 

hence 

(1 -m 2 ) 2 P;(M)dM=0, if ft is even 
=2^!, if n=l 

= ^ ' lf w=2* + l, 

where s is a positive integer. 
This gives 

M $t f t (l h Oil x 2) a 2 ; p)=4tj-£*o3- 

1 m 2{1 Ml) Zj 2n(2n+l)(2n+2) W I ( } 

The integration with respect to x 2 gives the mutual inductance 
between filament i x and current sheet s 2 

dx 2 —a 2 - ( 



(i-m; 2 )2 

iVo r ?2/2 

M fs (xia x ; l 2 a 2 ; m)= t - M ff (x lf a x ; x 2 a 2 ; ^)dx 2 

1 ' &2 J -Z 2 /2 ' J 

_ 4^w 2 ai yr (i-M; 2 )p;(M;) -i Pn(M)^ p =±* , 
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Using the relation 

(1_ m2) -^p; (m) = _^-| ;[ (1_ m2 )-1p; +iW] 
gives 



/: 



Hi tt+2 

(1-V) 2 P;0u)rf/*=O, if n is 



(1 — mI) S ^P^W, if n=2s+l, 



2s+3 

where s=0, 1, 2, 3 . . . 

This gives 

ir / / x 87rW 2 ^(l-At; 2 ) 
MfAxx, a x ; £ 2 , a 2 ; m) = p ^. 

yp ^ (mQ pj, u ) p 2 n- i oo /r 2 v- 1 rKK v 

"Zj (2ti-i)27i(27i+i) v;/ w ; 

72=1 

IV. MUTUAL INDUCTANCE BETWEEN TWO TURNS OF 

WIRE 

Let M/m denote the mutual inductance between the filament, f 2 
and a wire, w u whose section is symmetrical with respect to its center 
of gravity, (x 1? Si), so that if dSi — dxldal the integrals over the sec- 
tion of (x x — Xi), (x[—Xi) 3 , (al—tii), and {a x — Si) 3 are zero, as would be the 

case for squares or circles. If -~ denotes the radius of gyration of this 

section, so that 

^-jj^-^^^iJJ^J-Si) 2 ^ 

then, in the case of round wire, pi is just the radius of the wire. 

The current density, i u with unit current in the turn, is such that 

ffiidx[da[ = ffiidSi = 1 
and 

Mf iWi (x u &x\x 2 a 2 \ n) = ffM fifi (x 1) a[; x 2 a 2 ; p)iidx[da[=ffM f f § iidSi 

If the ratio of any linear dimension of the wire section, Si, to the mean 
radius, a 1} of the turn is so small that terms of higher order than the 
third in this ratio are negligible compared to unity, then the ''natural" 
distribution of current density (proportional to 1/aJ) may be written 

where C , i = C 2 =C r 3 =l. For the uniform distribution we place C x — 
C 2 =Cz=Q. To the same precision, the expansion may be used 

M flft (x' l9 a[;x 2) a 2 ;n)=4 l+<t>+j + ~ /If^fo, d l ;x 2 , a 2 ;/x), 

where <j> is the operator (x' — Xi)D x *+ (a[— a x )Da { , 

139015—39 9 
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Multiplying this by iidSi and integrating gives 

^• l =(i+^« 1 +«"^^ 1 )|^.(^ ft;*. *;m) 

or by eq 4a 

M ^=( 1+ l;- (1 - 2Ci) H M ^ 

which may be written (since Ci=0 for uniform current and C x ~ 1 for 

the "natural" distribution) M /2W1 =f 1 ±c(=- Dz)M fir2t the upper sign 

being used when the current distribution is uniform, the lower when it 
is the "natural" one. Hence the mutual inductance, M WWf between 
two wires is 

M„ iM =M Vi ±|[|' Ds,+| D- a ^M flf , (6a) 

It is similarly found that the mutual inductance, M tt ^ between 

I I 

two tapes of radii a x and a 2l one extending from ^i~^j to Zi+oaF' 

the other from X 2~^W to * 2 ^2AT ; * s 

M ( „=M /i;i +^[(^) 2 ^+(^)H]^„ (6b) 

so that eq 6a may be written 

*^-*«±J(SJ D 3 ,+g D,)M hr ,-^[| ^,-4-1 Z?;]M A/1 (6c) 

If the wires are now given a small translation, ^(.r), in the direction 
of their axis, and if their mean radius, a x . is given a small increase, 
u a (xi), then if u\ and u 2 a are negligible, eq 6c becomes 

M WxW% {x u ft; x 2 , a 2 ; p)=*M tth (z u a t ; a*, a 2 ; m) + 

+ j±K| Z^+fj Z^)+^(x 1 )D, I +^ B (ar 1 )Z> 5l +u x fe)Z>, 1 +t* a fe)D ;t 

~Mjk d ^ + Wi d *>)\ m v&u ft; *, ft; rt (7) 

V. MUTUAL INDUCTANCE OF THE COILS 
This is obtained by multiplying eq. 7 by y* <fei -^dx% and inte- 

grating X! from — ~ to ^ and x 2 from — ~ to ~- This integration, as 
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far as the principal term of eq. 7 is concerned, is exactly equivalent to a 
summation of all possible pairs of filaments, one of which is always in 
the first sheet, the other in the second. As to all other terms, it is per- 
missible to replace the double summation by integrations, because 
they are small, the result holding in a macroscopic sense. It is thus 
found that 

M= [ i± KI^ + * ft 0] M,i,i(/i,5i; ^ 2; ,u) 

- 1 I ' [u s (xi)D s +u a (xi)DT]'M rt (xiai; l 2f a 2 ; ^)dx l 

lj-hl2 l ■ u 11 



+ 



' i2]Vi P*^d*-*/> 



+y I / [u x (x2)D Xl +Ua(x 2 )D^ t ]M f%Si (li 9 a t ; x 2 , a 2 ; p)dx % 

Up to this point, terms of the order of magnitude of ( - 2 J have been 
neglected in comparison with unity. Thus if p 2 — 0.05 cm and 
a 2 =5 cm (£?Y=(10)- S . If we let Afts^i then ^^=3(10)-» f 

which is also negligible. Hence if the effective radii, a x and a 2 , be 
defined by 

at^aJl±^(^yiior%^l f 2 f (9) 

then, since f(a t )=f(d i )+f'(d i yM i +f"(a i )(-^j it is evident that 

eq 8 may be written 

M=M s ,(l u Oil h, a*] fi)+~r [u x (xi)D x +u a (xi)D a ]M rs (x u a t ; k, 

11 h J -hl'2 l 

02; m)^i+x*J 2 [u x (x 2 )D Zt +u a (x 2 )D a ^M 9hft (l lf <h; Xi, a 2 ; p)<fcb~~i2^ 

[D.M^^-^ \D x M f ^ Kn (10) 

Where by eq 5b one finds 

*> m m i l~ 47rAr ' «w 1 (l-M?)(l-Mf)fl 

•^^W^fe)^-i(M)n(n+i)(^) 2 - (10') 
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and by eq 5a 

** \T) M } [a N i n *AT 1 (l-/fl(l-/flg 

; IP-Prf^ V2 = L 47r 17 ^^J — mm 

2 ftwftwp^ W n ( n +I)(rl) f "' (10,,) 



12iV 2 



w=l 



VI. TORQUE INCLUDING THE FIRST FOUR CORRECTIONS 

When the coils are at right angles to each other, /i=0 and the torque 
is T= (Z> M M) M=0 j so that 

h J-hl2 * si 

where, by eq 1 

T^fa^yammil+S+Si) (12) 

00 

S=(l-^)^(-ir +1 (^J n C n MO n+l M(n+iy n , (12') 



where 

. ^ r \ W+ 2/ 1-3-5- . . . (2n-l) 
" V^rn+1 24-6- ; . . 2n 

12 = 1 

^^-(n+i)!] (12") 

Also, T hS2 (x h ai) = (D^M flS2 ) fi=0 is the torque exerted by filament/! 
at x x (with unit current) upon the current sheet s 2 (also carrying 
unit current). 



1 

*(2n-l)(2n+l)'^ n U<5; 
Or, since /4=4 and r' x —^x\-\-d{ and 

n r (i-/i*)P»-i (/i) "i_ (i-m')p^(m) 

^1 r 2 "- 1 (2n-l) J~ r 2 " ' 
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we find the following expressions by which D xl T flS2 and D ai T flS2 may 
be computed for use in the graphical or numerical evaluation of the 
integrals, in eq 11 when the variations u X} and u a are known. 



Ni 

I 



hns^^^yzgfy-vrtS} 



and since 



P'MPM^i' (130 



U \_ r 2n - 1 (2n-l)J r 2 " u \_ r 2 - 1 J 



PMP'M-^~A n , (13") 



which may also be written 



A n 



P2n-l(v'l) PLM 



2n+l\ 



(13'") 



The torque exerted upon filament / 2 at x 2 by current sheet Si is T sifi 
= (Z?/iM, l/a ) M .o, so that 



1 

P' (..M> r J..'\ 

•AA 



2n(2n+2) 

1 

where 

/X2=^ and ra= V^+fl^ 



2^FT (l4) 



Since 
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it is found that 






wH^y^p-^r 



P'mindPimQ&n^ 



(14') 



Also since 



[r 
- 



2«-H(1-m 2 )P2 W +i(m)-)_ -_ 



2ti+2 



O-vr 



J L t 2 (2n+l)r s "+ 1 P 2 „0*) 



one finds 

«iWfn«)^4.) (14") 

When the outer coil is relatively long, the inner lies in a region where 

the axial field of the outer has the practically uniform value 47r T - 1 « 

The series #, eq 12', is then very small and /xi is nearly 1 and the term 
Si, eq 12", still smaller. This will be the case if ^=100 cm and 
a, = 15 cm, so that ^=0.9578 and 1-^=0.0826 and r x =52.44 cm. 
If the inner coil has the radius a 2 =5 cm and length 1 2 —10 cm, then 



M2=j-and 1- 



M2 = 



1 



, while r 2 =7.07 cm. 



Since r^dj so that (-, J <( - ) = T > it is seen that the series 13 

will differ from the sum of the first two terms by less than 4 percent. 
The first two terms of eq 14 give a still better approximation. 
To this approximation eq 13 and 14 become 






and 



3 (U 3a 2 ) -7 ~3\ 2 

16a? L( 1+ 3) 



i+il 



^2 T _ 4 M 2ATM1 



i- 



9(4xi-al)a* 



(15) 



(16) 



Since the small observed displacements, u XJ u a , cannot be measured 
with a precision of more than 3 or 4 percent it is evident that the 
terms within the braces of eq 15 and 16 may be placed equal to unity 
so that a good approximation for eq 1 1 is 

T=4*£pir(4Nwi \l+S+Si+ f- u a (x 2 )dx 2 + 

h I h<hJ-W 

^Ju^D^-^^.-u^D^^^^ (17) 

8l 
If u a2 (x 2 ) =da 2 = constant, u a (xi)=dai = constant and u x (xi)=-r : 'Xi ) the 

h 
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evaluation of these integrals gives 

r=4T- s -«*V J M l (l + S- ?R ^ T - ?Fi5 - ? -+— J (18) 

The displacement u s (zd—-rX\ corresponds to an increase in the 

h 

length, l h without changing the total number, N h of turns, which 
amounts to increasing the pitch of the windings a constant amount. 

8l 
A similar displacement, u x (x 2 ) z =-rx i> in the second coil would by eq 17 

h 

have contributed nothing to the second member of eq 18. The latter 
may be written 

5T___ g Hi 4g? jjgi 8l 2 . bo* ,. 

T~ H+4aUi /?+4a? a^" U* a, U5 ; 

These variations would give by eq 12 

+ fc ^* + r 2+ ^a«"fe (19 ) 

A comparison of eq 18' and 19 shows (since -m^ is practically the 

same as -m ) that the first approximation eq 17, wliich was derived by 

neglect of all but the first term in the brackets of eq 15 and 16, is 
compatible with the statement that S is so small that its variations 
may be neglected in computing the variations of T caused by varying 
i\) <ht ^2, and l 2 . If the more precise variation formula eq 19 were 
desired it could be found by retaining all the terms in eq 15 and 16. 
The cylindrical shell upon which the outer solenoid is wound may be 
slightly compressed by the tension of the wires so that the effective 
radius, ai(x), of the current sheet may be represented by the para- 
bolic equation 

Oife)=ai(0)+[a 1 (±^)-a 1 (0)](^J- (20) 

The effective mean radius, a i} of the equivalent sheet is then 

2 f^ 2 2 1 / Zi\ 

ai== H (h(xi)dxi^M0)+^aA ±^\ (21) 



so that 



.w-*w-*— [*( ±|)-*i(°)] [^"-(f- 1 ) 2 ] 



and 

u a (x 1 )dx l = 0. 
/o 



/; 
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Equation 17, then, gives the correction for this deformation in the 
form 

*t_ 4a { ffil (4')- a H L , i /TTT^Y 

T— 11 [ 3[l+(^J] V 1+ UJ- 

In computing this small correction term, a x may be taken as the mean 
radius defined by eq 21, where 2a t (x) is the over-all diameter of the 
coil at Xi diminished by the diameter 2p x of the wire. This was 
denoted previously (in section V) by a ls but there is no need to dis- 
tinguish between a x and a x in computing the small correction, eq 22. 
However, this correction is applicable only provided that the term 
fii (1+S) of eq 17 is computed using the "effective" or "electrical" 

mean radius, a h defined in eq 9 by a± =a x 1 1 ± ~§ ) the upper sign being 

taken if we believe the current distribution is uniform over the section 
of the wires, the lower sign if it is the natural distribution. 

The corrections (a) and (b) mentioned in the section I are repre- 
sented by this choice of effective radii of the current sheets (eq 9), 
The corrections (c) and (d) are made by the integrals in eq 17. 

VII. EFFECT OF ERRORS IN CENTERING THE COILS 

The effect upon the torque of an error in centering the outer coil 
may be found by giving it a constant displacement in the direction of 
its axis. But if u x (xO^constant the corresponding integral in eq 17 
vanishes. Similarly, there is a negligible effect in giving the inner 
coil a constant displacement in its axial direction. Both of these 
results are aspects of the fact that the inner coil lies in a region where 
the field of the outer is practically uniform, so that for the same 
reason it is evident that the only other independent displacement of 
the inner coil would also be negligible. This is a displacment per- 
pendicular to the plane of the two axes. 

VIII. EFFECT OF AXIAL COMPONENTS OF CURRENT 

Up to this point the current sheets have been assumed to have 
only the angular components of current whose surface density per 
unit length is N*/Z<. Each coil is, however, a helix, so that there is an 
axial component of current whose surface density is ±l/27ra per unit 
length, the positive sign being taken when the axial current is in the 
direction of increasing x t (fig. 1 ) . To see what modification this 
makes in the torque, we first see what modification must be made in 
the mutual inductance between the two sheets when their axes are 
inclined at an angle 0=cos -1 p. To do this we first modify the ex- 
pression for the mutual inductance between filament No. 2 whose 
trace is A 2 G*^E% in figure 1 and filament No. 1 trace A l C/ 1 B\ J remem- 
bering that these now have the additional axial components of current. 

Let A (xyz) be the vector potential at any point (xyz) which is due 
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to the angular component of current 7- dx t in No. 1 and let A (xyz) 

be that due to the axial current ±z — - in No. 1. 

2va x 

The angular component of current in filament No. 2 is -y- dx 2 , its 

k 

axial component is ± 5 — - • Hence the mutual electrokinetic energy 
^TrQ>2 

between these filaments is 

where the line integrals are taken around circle No. 2 (right handedly), 
A Si is the tangential component of the vector A and A n its component 
normal to the plane of the circle. Only the last three terms need be 
considered here, since the first, fA° 8 ds 2 , leads to the mutual induct- 
ance, Af w already found. The second is a line integral of the 
tangential component of the vector A and by Stokes* theorem may be 

N dx C C 

written -— — 2 H n dS 2 , the integral being taken over the area of the 

circle No. 2, where H=curl A= magnetic vector due to the axial 
component of current in filament No. 1. 

Since the vector A at any point is in the direction of the axis of 
circle No. 1 it is evident that A n =A x cos d = fjiA x , so that the fourth 

dx C 
integral is ig-J-/* A x ds 2 . 

Hence the mutual energy is (omitting the first term) 

M. E.^fJH.dS^jA^i^JA^ (23) 

Now, if x, r, are cylindrical coordinates of any point, the axis being 
that of the circle 1 , then A x is a function of x and r only, r being the 
distance of the point from the axis. Since £T=curl A, the cylindrical 
components of H are H x =H r = 0, H^——T)tA x ^x 1 r). 

Hence J % J % H n dS 2 =0, since the value of H n has equal and opposite 
values at the two points in the area S 2 , whose coordinates are x, r, </>, and 
x } r, —<(). Similarly, the second integral of equation 23 vanishes, 
since the only nonvanishing cylindrical component of A is A% t 
which is a function of x and r only. At two elements of arc of the 
circle No. 2, whose coordinates are x, r, <f>, and x, r, — <£, the values of 
A n2 cancel. 

The expression 23 for the mutual energy then reduces to that 
between the two axial currents in the filament and may be written 

m fif dx l dx 2 =±^jA x ds i (24) 

Since A x at any point xyz is given by 
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where R is the distance from xyz to the line element ds 1 of circle 1, it 
is evident that the mutual inductance of the two unit axial currents 
in the filaments is 

^^.Wr (26) 

where R is the distance from dsi to ds 2) the + sign applying to the 
case where the axial currents have the same sign, the — where their 
algebraic signs are different, positive axial current being in the direc- 
tion of increasing x x or x 2j as shown in figure 1. 

The double line integral in equation 26 without the factor ±ju 
represents the mutual electrostatic energy of the two circular fila- 
ments when they are regarded as unit line charges of electricity. 

The contribution of the axial components in the current sheets to 
their mutual inductance is therefore 

w # .(m)= I dx 2 \ dx x m s1 (27) 

11 J-W J-h/2 l% 

and the contribution to the torque is 

* v =[Z) M m v >)] M==0 (28) 

To evaluate the integral - — I A x ds 2i we note that A x is a solu- 
& 27ra 2 J l ' l 

tion of Laplace's equation, which, in rectangular coordinates, is 

Expand A X1 by Taylor's theorem in the symbolic form 

A Xi (x,y,z)=A Xi (x Q +x—xo,y -\-y— y ,Zo+z— %> 
■afr'W^^fe y 0i 2b), 
where x'~x— x 0i , y f =y—yo and z' = z— z . 

It is then found by integration that, if J (z) is Bessel's function 
2^ j A Xi (x J y,z J )ds 2 =Jo(a 2 D n )A Xi (xo,yo,z ) ,where x ,y ,z are rectangular 

coordinates of the center of the circle No. 2 and D n ^ represents the direc- 
tional derivative in the direction normal to the plane of the circle 
No. 2. Since we have used x as the distance 0C' 2 in figure 1 (not a 
rectangular coordinate) this becomes 

2^J A x ds 2 =J Q {a 2 D x )A Xx {x 0) y 0} 2 ), (29) 

which holds when A x is any harmonic scalar point function. 

Now 

At \ i d&i fdki 
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where R is the distance from x , y , z to the element dsi of the circular 
arc of No. 1, so that A x at any point is ±dx,i times the electrostatic 
potential at that point due to a unit circular line charge (the circle 
No. 1 ). It may be put in the form 

Azfa, Us, So) = ±<ixi I e ~* To ~ Zl J Q (ais)J (rs)d8 f 

where r is the distance of x ,y , z Q from the axis of the circle No. 1. 
This may also be written, symbolically, A Xi (x ,yo,Zo) = ±dxiJ (aiD Xj ) 

n-> where j? l2 is the distance between the centers of the two circles. 



Now 



CO 

#12 -y/xt — 2xix 2 cos 0-\-x% Z-J x i 



Hence 



=-±dx 



,y <-><f)" mY±'M 

fcj/r(«+i)r(«+i) ^if* 1 

_ . <**. V (- 1)S (^iT W*Y r(n+28+l) , . 

_ &, y/aA. p.(m) . y / , ^/ oi y r (2«+»+ 1) 

*> Z/Wr(n+i)Zr J \W r(«+i)r(»+D 



so that 

00 

^>o, 2/c «.)- ±dx 1 Yj X " Pn { ^ M since K>N (30) 



The derivation assumes x x positive, but by repeating the above 
argument, when #i<0 but |afi|>|afr|, it is found that eq 30 remains 
valid for all real values of X\ and x 2 for which ri>|x 2 | 
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Now 



J (a 2 D, 



(a<>\ 2s 

*=0 w=0 

/- V ^^V/ V/^Y" 28 r(ft+l)Pn(M;)Pn(^) 

V^r (s+ i)r (s +i)Z,U; r (»+i_ 8 ) r (^+2_ 8 ) (r0 . +1 



rc=0 *=0 



r (8+ i)r( 8 +i)r)(^- 8 )r(^_ 8 ) 

CO 

7?=0 
oo 

71=0 

The mutual inductance of the two current filaments with unit axial 
currents is therefore, by eq 26, 29, 30, and the preceding equation 

00 

^^'^^^^I (31) 

n=0 

which converges for ri<VJ, which is always the case if f is in sheet 
No. 1 and/ 2 in sheet No. 2. 

Hence 

h * h 

""2" w=0 *"T" 

Since P #=-Z) X P ^# if »>0 



=Z> X log (z+ ■Jx iJ r<h) if n=0, 
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the integration gives 



m, lf2 =±2p 
Then 



Iog A±V*?±4af) _ y/r;v» Ps,-i(Mi)A.(M3P*. 



(m) 



m 



«!«j- 



= J* m nh dz, and since r^P,. 0*)=.pJ" ^^^ ] 



623 



■ (32) 



'■'"^^y-m' 



so that the torque is 



ffri-l (Ml) fin+l (/X2) fi?n Of) 

2n(2n+l) 



tfj^ — ±2/ 2 



log(ij± ^± M)+ ^ ( _ 1) . tl( ,j. 



2nC2n+l) 



u) 



(33) 



(34) 



For the case here considered the series is negligible so that we may take 



t 8lS2 = ±2l 2 log 



2aj / 

( + if axial components of current 
have the same algebraic sign) 



C 



(34') 



which must be added to the expression 17 for the torque. For the 
case noted, Z x = 100 cm, ^=15 cm, and Z 2 =2a 2 =10 cm, so that 



N, 



The principal part of the torque is T SlS2 =4:Tr : ^- 1 TalN2j so that if 

iV 1 = 1,000 and N 2 =100, T SlS2 = t 2 10 5 = 10 6 , so that the correction t nH 
amounts to 27 parts in a million. 

IX. EFFECT OF LEAD-IN WIRES 

Consider the inner coil with its axis vertical, the coil being balanced 
on a knife-edge which is perpendicular to the plane of figure 1. If 
the lead-in wires to the inner coil lie in the vertical plane containing 
the knife-edge, the electromagnetic forces upon them would contribute 
nothing to the torque about that knife-edge. The force on any 
element of these wires would lie in the vertical plane containing the 
knife-edge, since the magnetic field of the outer coil is practically 
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uniform. It remains to compute the effect of the return current in 
the lead wire of the outer coil. This will be done for the case where 
the return wire is just outside the solenoid and in the plane of the 
paper of figure 1, either above the solenoid or below it. The unit 
current in this wire will have an opposite algebraic sign to that of 
the axial unit current in coil No. 1. Its vector potential at any point 
will reduce to the single ^-component A x parallel to the axis of coil 1 . 
Let TYtif and m iSj denote the mutual inductance between this lead 
wire and filament No. 2, sheet No. 2 ; respectively. The mutual 
energy between filament No. 2 and this wire will be of the same form 
as eq 23 without the term A , and the surface integral of H n will also 
vanish because the lead-in wire lies in the plane of the common axes 
of the coils, so that the mutual energy is 

m hf dx 2 ^ ± ^^— I A x d$ 2 =- ± fxdx 2 Jo(aoD x )A Xi (x ,y 0f Zo) , (35) 

where the choice of signs is the same as in eq 23, positive if the axiaJ 
current in/ 2 is upward. 

In this expression, A X{ (x ,y 0j z ) instead of being given by eq 30 is 
now given by 

k 

- f 2 <ki , , 

A Xi (xo,y ,Zo)= T J h -jf, (36) 

_„ 

where R is the distance from x 0j yo,z to dx\ % and the upper sign is taken 
when the axial current in sheet No. 1 is positive (to the right). 

If the lead wire is above the solenoid R 2 == (x\—x ) 2 -\- {ai—y^) 2 , where 
x =x 2 cos 6 and yo=x 2 sin 6. If the lead wire is below the solenoid 
R 2 =(x 1 -x ) 2 +(a x +y ) 2 . 
In the first case, it is found that 

A f v -t-1 ^r\—2r x x 2 cos To—aQ+.xi+ri cos a l —x 2 cos g , 

A x (xo,y ,eo)=Tlog- y— == (37) 

1 -\frl+2rix 2 cos {B-\-cci)+xl— r t cos a x — x 2 cos S 

By changing the sign of a x in this, it applies for the second case where 
the lead wire is below the solenoid. Since I — ■ J is negligible, this 



reduces to 

^i + V^!+ 4a i\ i x 2 sin 6 cos a x 



A Ti (zo,yQ t Zo) = T2l\og(- 



2a { ) <h 



(37') 



If the wire is below the solenoid the last term has the negative sign. 
However, this term disappears in the integration with respect to a> 2 , 
so that both positions of the lead-in wire have the same effect. On 
substituting this value of A x (x ,y ,z ) in eq 35, it must be remembered 
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that the ambiguities in sign do not represent the same alternative. 
Hence 

m (/ = =F2,{log( *' + V^ )+ *, *ng cos « t J (3g) 

and 



^ 

The contribution of this lead wire to the torque is t i lS2 = (D^rn ll92 ) ^q or 



^ 2 =±2Uog[^±^] (40) 

In this equation the upper sign applies when the axial currents on 
the solenoids are both positive or both negative (i. e., in the direction 
of increasing Xi or x 2 of fig. 1). In this case the upper sign applies to 
€q 34'. A comparison of eq 40 and 34' shows that the correction for 
axial components of current is compensated for by this arrangement 
of lead-in wires. 

X. SUMMARY 

The torque between concentric solenoids with axes at right angles 
is given by eq 17, in which the integrations enable one to correct for 
small observed variations in diameter and spacing of the turns of 
w T ire in the two coils. The remainder of eq 17 is the torque between 
tw r o current sheets, the term S being computed by eq 12'. The fact 
that the coils consist of discrete turns of wire of radii pi and p 2 (and 
not of tape windings with no insulation space between them as in 
current sheets) is taken into account by using the "effective" or 
"electrical" radii a x and a 2 of the coils in computing the torque between 
the sheets. The mean diameter, 2a<, of a coil is the over-all diameter 
diminished by the diameter 2p t of the wire, and its effective diameter 

is 2a t where, by eq 9, cz*=a* 1 ±o(^ ) the positive sign applying if 

the current is uniformly distributed over the section of the wires; 
the minus sign, if it is the natural distribution (inversely proportional 
to the distance from the axis). The same results hold if the section 
of the wire is not round but symmetrical with respect to its center of 
gravity (such as a square), provided that p*/2 then denotes the radius 
of gyration of the section. 

The correction terms are derived on the assumption that the outer 
coil is relatively long, and that its magnetic field is nearly uniform 
over the region occupied by the inner coil. Application is made to 
the case where the coil is compressed more at its middle than at its 
ends because of the tension in the windings. This gives the correction 
term in eq 22. The effect of errors in centering the coils is shown to 
be generally negligible, although formula 17 enables one to compute 
these errors if necessary. 
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Since a single-layer coil is necessarily helical, the axial components 
of current in both coils contribute a small term to the torque whose 
value is found by eq 34'. It amounts to about 3 parts in one hundred 
thousand. It is shown by eq 40 that this torque is practically com- 
pensated for, when the lead-in wire of the outer coil is very near to 
it (either above or below) and lies in the plane containing the axes of 
the coils. 

The derivation of these formulas was undertaken, having in mind 
their application to a proposed absolute measurement of current in 
the Pellat type of current balance to be made at the National Bureau 
of Standards. 

The formulas have also (unexpectedly) been found useful by E. A. 
Johnson of the Department of Terrestial Magnetism, who devised a 
method of absolute measurement of the earth's magnetic field, by 
uniform rotation of the secondary. Instead of measuring torque, 
he observed the induced electromotive force, both of which however, 
require the differentiation of the mutual inductance with respect ta 
the angle, 0. 

Washington, January 31, 1939. 

O 



